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Introduction

During last years, many authors have tried
to the well

Westergaard’s formulas for slabs

demonstrate known
on an
elastic subgrade. While they succeeded
for interior loading, nobody seems to have
been able to prove the formulas for edge
loading.

Comparisons have been made using finite

element methods and discrepancies in minus

and in plus with the Westergaard’s
formulas were discovered.

In this paper the general analytical
solution for both interior and edge
loading

is developed; moreover, partial and full

shear transfer at the edge can be taken
into account. The presented solution in

fact allows to determine any stress or

deflection at any distance from an
interior or an edge load.
A comparison with the classical

Westergaard’s relations shows that:
- The original formula from 1926 for
the at the

correct;

deflection edge is fairly
- The original formula from 1926 for

the stress at the edge is not correct;

- The new formula from 1948 for the

stress at the edge is correct.

255

1. General solution for an infinite slab

submitted to a rectangular load.

Consider the slab of height h represented
at figure 1 (in cartesian coordinates),
submitted distributed

vertical load p over a rectangular area

to a uniformly
with length 2a, width 2b and resting on an
elastic subgrade.

The subgrade reaction is given by gq.

The basic equations for this problem are
[Timoshenko (1)]

2 2
Mx=—D[a—‘;’+ua—';’] (1)
ox 3y
2 2
M=-D[a—‘;~’+ua—';’] (2)
y ay ox
2
3
M, =-D(1-u =X (3)
y 8x 3y
2 2
Q =-0D 8 [ 2_% + é_g ] (4)
ox ox 3y
2 2
0 =-p & [ Q_% + é_% ] (5)
y ay L ax ay
P-q_ [ o L 90 ][ v, 2w ] (6)
2 2 2 2
D ax ay ox ay

where Mx is the flexural moment in the

direction x
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My is the flexural moment in the
direction y

Mxy is the moment of torsion in the
plane xy

Q. is the shearforce in the plane yz

Qy is the shearforce in the plane xz
D = En’/[12(1-4%)]
E is the modulus of elasticity of
the slab

L is Poisson’s ratio of the slab

g is the subgrade reaction
w is the deflection at a point x,y

If we make the assumption that q = k.w,
with k the stiffness modulus of the
subgrade, (6) transforms into

2 2 2 2
[6_2+3_2][§_2'+.f’_r;]+kz=2 (7)

ax ay ax ay D D

The general solution for (7) is given by

0 o
p = 4p f J cos(tx/1)sin(ta/l )cos(sy/l)sin(sb/1l) dt ds
n® ts
oo
P for |x] <a and |y| <b (8)
B { o] for |x|] >a or |y| >b
v = cos(tx/1)sin(ta/l )cos(sy/1)sin(sb/1) dtds (9)

O ¢—— 8

[+
JC(s,t)
[o]

ts
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Writing (8) and (9) in (7) yields

4

C(s,t) = EEE 4 212 4 (10)
mD (t" + 2t's” + s ) + 1
with 1% = D/k.
Hence
o o -
v = EEE J J cos(tx/l)sin(ta/i)205(3{/1)31n(sb/1) dt ds (11)
'k 5 o ts (t” + 2t°s”™ + s + 1)

A partial solution of (11) can be obtained analytically (the
integration is performed in appendix 1) and is given by

For O = x = a

nk s (s4 + 1)

v = P [ cos(sy/1)sin(sb/1) { 3 - e-¥(a=x)/1 [COSE%EB _
[¢]

- szsinziéﬁ] - e-a(a+x)/1 [COSE%EB + szsinf%gﬁ] } ds (12)

For x > a

v = P cos(sy/1)sin(sb/1) e-a(x-a)/l [cosfiéﬁ +
nk s (s4 + 1)

o
+ szsinE%EB] - e-a(a+x)/l [cosf%éﬁ + szsin£§33] } ds (13)

where

[S4+ 1]1/2+ SZ ts2 [s4+ 1]1/2_ SZ 172
R e and g = (L2 — = (14)

As will be seen further, the partial solution given by (12) and (13) is
absolutely required for the establishment of the solution for a limited
slab.

2. Slab submitted to an isolated load

Relation (11) can be transformed for an isolated load P by writing

P =1im 4p a b
838
Hence
lim 4p sin(at/1)sin(bs/1) _ lim P sin(at/1)sin(bs/1) _ _P
ts ab ts 2
a0 a=0 1
b-0 b-0
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v = L
2

kn®1?

t* + 2t?s® + s + 1

O ¢——8g

©
J cos(tx/1l)cos(sy/1) 4+ gs (15)
o

In the axis of the load (x = 0, y = 0), (15) reduces to

o o
v = z > [ J n 5 é = dt ds (16)
kn“1 5 o t +2t°s” + s + 1

The resolution of the integral is given in Appendix 2 and is written

v = (17)

which is the well known formula for the deflection of an infinite slab
submitted to an isolated load.

3. Slab of finite dimensions

Consider a slab with a finite boundary in x = d as represented at
figure 2.
d
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The boundary conditions for a slab limited in x = d are
M (x=d) = o, M _(x=d) =0, Q (x=d) =0 (18)

However it can be shown, [Timoshenko (1)], that the three conditions
given by (18) can be reduced to only 2 conditions:

2 2

[ C¥Y 4 ¥ ] =0 (19)
ox ay
3 3

[a—';'+(z—u) 3‘“2]=o (20)
ox oxdy

These boundary conditions can be expressed by 2 independant solutions
of the homogeneous equation (21):

2 2 2 2
[ L8 ] [ dw ,6 8w ] + K

=0 (21)
ax? ay2

L4
D

Those solutions, derived in Appendix 3, are given by

v, = EEE a(s) e/l cos(px/1)cos(sy/1)sin(sby1)ds (22)

O ¢—— 8

v, = EBE B(s) e**/1 sin(Bx/1)cos(sy/1)sin(sb/1)ds (23)

O —— 8

wherein « and B are given by (14) and A(s) and B(s) are determined
through the boundary conditions. The general solution is written

v=wv o+w o+ v (24)
where L the deflection for the infinite slab is given by (12) or
(13).

The boundary conditions become

82 82

NPT [RPRTE IY
ax ay
8> 8°

[-——+(2-u) ][w + W +w]=0 (26)

3 2 i A B

ax axay

Shear transfer at the boundary can be taken into account by writing
boundary condition (26) as follows

a° a° a° a°
[——3 + (2-u) 2] [w‘ tw, 4 wB] = 7[_3 + (2-u) 2] [vi] 27)
0x 9x38y’ o)’ x93y
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The value of ¥ is related to the amount of shear transfer:
if ¥ = 1, one has full shear (or load) transfer;
if o
if 7

A

¥ = 1, one has partial shear transfer;
0, one has no shear transfer.

4. Determination of the functions A(s) and B(s)

The determination of the relations expressing A(s) and B(s) first
requires the establishment of a series of derivatives which are derived
in Appendix 4.

Further, considering the slab represented at figure 2, we must express
boundary conditions (25) and (27) for x = d. The detailed computations
are given in Appendix 5.

The resolution of the system of boundary conditions yields

F cos(Bd/1) + F sin(Bd/1)
A(s)ead/l - - [ 3 4 ] (28)
A
F cos(Bd/1) - F_sin(Bd/1)
B(s)ead/l _ [ 4 3 ] (29)
A
where
A = 2as°(1-p) + B[1 - (1-p)°s*
— - 2—
F, = [F1 [(1-u)Bs®- o] + Fz]
F, = [Fl[(l—u)ocs2 + Bg] + F}(l-u)sﬂ
F = % [e-(d—c+a)a/lsind-§+a3 _ e-(d-c—a)a/lsind-i—aﬁ]
+ ——éﬂ———— {e'(d—c—a)a/l[cosg:%:éﬁ + szsind-f—aﬁ]
(s  + 1)
- e'(d—c+a)a/1[cosg:§iiﬁ + szsing:§iéﬁ]}
F,= - (1—7){% e’(d-c_a)a/l[ﬁcosg:%léﬁ - asing:§:éﬁ]

- é e-(d-c+a)a/1[ﬁcosd-§+a3 a asind_f+a3] s S2-w)
4
(s + 1)

(a—Bsz)cosd—f-aB + (as2+B)sing:%:EB]

x[e-(d—c-a)a/l[

d-c+a

_ e-(d-C+a)a/l[(a-Bsz)COS——T——B + (asz+B)sing:%:EB]J}

260



VAN CAUWELAERT

5. The stresses and deflection in a finite slab

Consider a slab with a boundary for x = d submitted to a load which
axis coordinates are (c,0) as represented at figure 2.
The deflection for any point (x,y) is given by

wx,y) = v (x-c,y) + B [[acs)e®™ Lcos(px/1) +

o]

+ B(s)eax/l

sin(Bx/1)]cos(sy/1)sin(sb/1 )ds

Replacing A(s) and B(s) by their values of (28) and (29) yields

w(x,y) = w (x-c,y) - ﬁEF I[F3cos[(d—x)ﬁ/l] +
o

-a(d-x)/1

+ F4Sin[(d-X)B/l]}e Coz(SY/l)Sin(Sb/l) ds (30)

The normal stress o, is given by

2 2
dx dy
c. =0 - ——5595 [A(s)eax/l[szcos(xﬁ/l) - sin(xB/1)] +
* * nkl1°h® *
+ B ax/1r 2 . .
(s)e [s°sin(xB/1) + cos(xB/1)]|cos(sy/1)sin(sb/1)ds +

o

+ _éEgQE szeaX/l[A(s)cos(xB/l)+B(s)sin(xB/1)]cos(sy/l)sin(sb/l)ds
nkl“h
o

o =0 + ;;fgfs [[FB(I-u)sz- F4]cos[(d-x)3/1] +
o
cos(sy/1)sin(bs/1) ds
A

. e—a(d-x)/l
+ [F4(1—u)s + F3]sin[(d-x)8/l]]

(31)

The normal stress ay is given by

2 2
o =-6_g[“d_';+21]
v h dx dy®

-

6upD
o, =0 - ;;fgzz [A(s)eax/l[szcos(xﬁ/l) - sin(xB/1)] +
o]

ax/1
o0

6pD
+ ;;Zgzg Szeax/l[A(S)COS(XB/l) + B(s)sin(xB/1)]sin(sb/1)ds
0

+ B(s)e [szsin(xB/l) + cos(xB/l)]]cos(sy/l)sin(sb/l)ds
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00
- _6pD

2,2
mkl™h™ |

o
y yi

+ [F,(1-u)s®~ wF Jsin[(d-x)B/1]

The shear stress txy is given by

2

T, = -2 T (1)
y h® dxdy
[+9]
T =T . + ——5%25 [sA(s)e
*y *y nkl“h
+ sB(s)eax/l
tx = tx i - 6127D2
y y mkl“h® <

ax/1

[[F3(1-u)s2+ ur Jcos[(d-x)B/1] +

]e_“(d'x)/ICOS(SY/l)Sin(bs/l) ds

A
(32)

[xcos(xB/1) - Bsin(xB/1)] +

[asin(xB/l) + Bos(xB/l)]](1+u)sin(sy/l)sin(sb/l)ds

{Fa[acos[(d—x)ﬁ/lj + Bsin[(d-x)B/lj] -

- F4[Bcos[(d—x)3/l] - asin[(d-x)B/l]]} x

se

-a(d-x)/1

sin(sy/1)sin(sb/1) ds

(33)

x (1+u)

A

The stresses can be obtained for any system of coordinates (x’,y’)
making an angle ¢ with the original system (x,y), using the well known

(34)

relations
2 .2 .
o, =0 cos"® + 0 sin"% + 2Tt _cosd¥sind
x X y Xy
.2 2 .
o, =0 sin“® + ¢ _cos™% - 2Tt cosd¥sind
y X y xy
T, , = (0 - 0 )cosd¥sind + T
X'y y X

6. Numerical applications

Consider a rectangular slab on an elastic
subgrade with k = 100 MN/ma,and a joint at

x = d m; the formal value of d is not
required.

The slab is 0,20 m thick, its radius of
relative stiffness, 1 = 1, and its

Poisson’s ratio u = 0, 20.

Consider a load of p 1 MN/m2 uniformly

2 .2
xy(cos 3 sin %)
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distributed over a square area of 0,50 «x
2
0,50 m".

6.1. Slab of infinite extend

The deflection in the axis of the load is
given by (11) or (12)
with x y = 0:

4

v = 3.017 10 " m

i
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The normal stress, o= oy, is given by
(31) or (32) wherein A4(s) and B(s) are
taken zero and x = y = 0:

o = = 6.73 MN/m°

o
x y
The comparison with Westergaard’s results
is performed using the equations proposed
by Iocannides et al [6].

The deflection in the axis of a circular
load is given by equation (I-7) of [6]:

P
8k1°

i

[1 + L [incas21) - 0.673](as1)?
2 mn

]

The of load
corresponding with a square load of 0.25
0.282 m.

radius a circular

2 .
m 1s a =

Hence

4

3.02 10 " m

The flexural stress is given by equation
(I-3) of [6]:

c =0 = Efili%l[ln(21/c') - o.o77]
x y 2nh
where ¢’ = [e(n/4 1).c]/V2 and c is
the side length of the load (c = 2a).
Hence
6 =0 = 6.70 MN/m®
x y
6.2. Finite slab with an edge load

We compute deflection and normal stress cy
at the edge in the middle of the load.

The deflection is given by (30) with x
d,

y=0, c=d - a:

where v, is the solution for the infinite

slab and w , the correction for the finite
s

slab.
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This correction is a function of the shear

transfer.
With no shear transfer (y = 0):
-4 -4 -4
v = 2.91 10 + 6.02 10 = 8.93 10 m
With half shear transfer (y = 0.5):
-4 -4 -a
w = 2.91 10 + 3.73 10 = 6.64 10 m
With full shear transfer (y = 1):
-4 -4 -4
v = 2,91 10 + 1.50 10 = 4.41 10 m

The normal stress ay, parallel with the

edge is given by (32):

With no shear transfer (y = 0):

12.30 MN/m°

5.72 + 6.58

half shear transfer (y 0.5):

5.72 + 3.50 9.22 MN/m

full shear transfer (7 1):

6.15 MN/m°

ay 5.72 + 0.43

Comparison with Westergaard’s results:

The deflection is given by equation (E-7)
of [6]:

4

_ (1 + 0.40u) P m

vé k1°

= 11.0 10~

14

The maximum bending stress is given for a

semi-circle with radius a, either by
equation (E-1) from the ordinary theory
(1926), either by equation (E-5) from the

"'new" theory (1948).
The radius of the semi-circle
corresponding to a square load of 0.25 m2
0.40 m,

Hence, using equation (E-1):

is a
2
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o= 0.529 (1+o.54u)P[1og1O[Eh3/ka:]/(h2)

0.529 (1+0.54u)P x
x [log  [12(1-u®)1%/a}]/(B®)

9.72 MN/m°

Using equation (E-5):

9
I

- 6P(1+O.5u)[0.48910g10(a2/1) -

- 0.091-0.027(a2/1)]/(h2)

12.23 MN/m®

6.3. Bending stress function of the

distance to the edge

We compute the value of the bending stress
¢ in function of the distance of the load
té the edge in order to determine at which
distance the influence of the edge can be
neglected. We consider a joint without
shear transfer.

The bending stress is given by (32) in
which the distance d - ¢, is varied. The

stress is computed for x = c.
One obtains:

a=0.25m
10.61 MN/m°

For d - ¢
oy = 6.73 + 3.88

For d - c 0.50 m
o = 6.73 + 1.71 = 7.44 MN/m®

For d - c =1.00m

o =6.73 + 0.4¢4 = 7.17 MN/m*
For d - c =1.50m
o =6.71 +0.15 = 6.86 MN/m®

6.4. Edge stress in a slab submitted to a

tandem load

Consider the tandem load represented at
figure 3.

With the until now available tools, the
tandem load had to be assimilated to a
single load of 0.50 x 0.50 m located at
the edge of the slab.

The bending at the
single 1load has been

6.2.:

stress edge for a

computed in par.

o = 5.72 + 6.58 = 12.20 MN/m®

(32)
computation of the stress induced by both

However relation allows for the

loads.
Hence for load I:

0 =1.65+ 1.64 = 3.29 MN/m°
and for load II:

0 = 3.37 + 4.08 = 7.45 MN/m°
For both loads

o = 3.29 + 7.45 = 10.74 MN/m°

< 12.20 MN/m?

0.25

edge

II

Figure 3
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8. Conclusions

We have developed a general analytical
solution for the problem of a concrete
slab submitted to interior and edge loads
with no, partial and full shear transfer
at the edge.

The solution is based on mathematical
models which accuracy has been checked,
using finite element methods, for
two-dimensionnal beams and circular slabs.
The results confirm the validity of
Westergaard’s equations, as far as the
1948 formula for the edge load is applied
(the 1926 formula wunderestimates the
stress), and thus also confirm Ioannides
et al [6] findings.

The advantage of the solution, besides
that it has fully been demonstrated, 1lies
in the fact that it allows for the
computation .of stresses and deflections at
any distance from the 1load(s), whatever
their location, with eventual shear
transfer at the edge.

The computations are performed in no
appreciable time using very simple

computer programs.

The efficiency of the load transfer at the
edge can be evaluated using Teller’s and
Sutherland’s [7] first formula:

E = (6f - crj)/(crf - 61)

where o, is the stress at the free edge,
oj is the stress at the jointed edge,
o, is the stress at an interior point.
The efficiency Eo can be estimated by the
in situ measured deflection wusing a
similar formula for the deflection

efficiency

E = (wf - wj)/(wf - wi)

With the results of par. 6.2. one obtains:

With no shear transfer (7 = 0):

E =0 E =0

265

With half shear transfer (¥ = 0.5):

Ew = 0. 38 E(r = 0.45
With full shear transfer (y = 1):

E = 0.75 E = 0.93

w o

Hence, the determination of E allows for
an estimate of Ea‘ '

Further (par. 6.3.), the solution allows
to determine the required overwidth if one
wants to avoid free-edge stresses.

Finally (par.6.4.), the solution allows
for a more accurate determination of the
edge stresses under tandem loads, which
appear to be lower than usually estimated.
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Aggendix 1

Partial resolution of the integral

LS

cos(tx/1)sin(ta/l)cos(sy/1)sin(sb/1) dsdt

2

3
~

]

O 8

tsctt+ 2t?s%+ s'+ 1)

1.1. Resolution for x > a

The of the double
integral is based on a method proposed by
Pronk [2], which consists in splitting the

partial resolution

integral in two integrals with square
exponents in the denominator, integrals
which then can be solved by existing
tools.

Hence we write

(t3+ s+ i)(t?+ s%- i)
(t2+ zf)(t2+ zi)

(t?+ s%)°

Further we write

=V s+ i
v/_E_—T—

a + iB

a - ip

with
2 172 2 172
[s™+ 1] + s
a =
2
4 172 2 1/2
[s+ 1] ~-s
B =
2
The denominator is splitted

1 -1 1 _ 1
th+ 2t2s%+ '+ 1 2 |tP+ zf t3+ zz

and

266

L,
VRN

J I cos(sy/l)51n(sb/l)
o o0

[cos(tx/l)sin(ta/l)
t(t?+ z2)

_ cos(tx/1)sin(ta/1)
t(t?+ zz)

]dsdt

When x > a, the solution of the integral

is given by Watson [3]

[+
I cos(tx/1)sin(ta/1) dt =
t(t2+ zz)

(az/1) K (xz/1)

1/2 -1/2

Hence

s

2

=]
b

i I [cos(tx/l)sin(ta/l) _
2 t(t?+ zf)

_ cos(tx/1)sin(ta/1)
t(t?+ zi)

_]dt -

p (ax) z(le/l) _

nmk 1

1/2[ 1/z(az /1)K

z
1

I /z(azz/l )K

z
2

-1/2

(Xzz/l )]

p i[e_(x_a)zx/l— e-(X+a)Zl/l _
n k 2 zf

e—(x+a)zz/1]

e (X-2)z/1_

2
z
2
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Writing o
J sin(ta/1) dt =

o (Xta)z /1 _ _~(xta)(a+iB)/1 ) t(t?+ z%)

= e~ (¥ta)as/l [cos@’i + 1 sin(¥32)8 = -’23 :—l 1, . (az/21) K, _(az/21)
e-(xta)zz/l _ e—(xta)(a—iB)/l ®

_ e—(xta)a/l [cos(xia)ﬁ - sin(xia)B] J 31n(tx/l)cos(ta/1) dt =

t(t?+ z%)

and simplifying, the integral finally _n (ax)“2 I, (x2/1) K__, (az/1)
becomes 2 zl

so that finally

(=]
_ _bp f cos(sy/1)sin(sb/1) e-(x-a)a/lx
n k o s(s4+ 1)

_ b J cos(sy/l)51n(sb/l) {
. [cosifgélﬁ . szsinifiilﬁ] _ e (x+a)a/l mk s(s + 1)
- e—(a_x)a/lx[cosié%flﬁ + szsiniéizlﬁ] -
(x+a) 2_. (x+a) ]
x |cos——4B + s"sin‘——=R ds _
[ 1 1 } - e (X+a)a/lx[cos££§glﬁ + szsinﬁf%glﬁ]}ds

1.3. Resolution for x = a

1.2. Resolution for x < a

For x = a, both solutions reduce to
When x < a, the splitted integral has no

solution by lack of convergence. ®
Hence we write v = P J cos(sy/l)szn(sb/l) {

n k 5 s(s + 1)

- e 2aw/1 [cos§%E + s 51n2a3]} ds

cos(tx/1)sin(ta/l) =

= sinft(x+a)/1] - sin(tx/1)cos(ta/1) 1

We then follow the same procedure as in

par. 1.1. utilizing next relations
[Watson, (3)]:
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Appendix 2
Resolution of the integral
0 00
wo= 2P2J._[ 4 22 4 dsdt
nmkl 5 o ts(t'+ 2t°s™+ s+ 1)
The integral is easily solved in using

next transformation

t
s
dsdt = pdpdd

pcos®d

psind

Hence

mMm/72 © ]
pdpds _ P j
. p*+ 1 2nki®

pdp
p4+ 1

v =

=)
n°k1°®

[o] o

Now write p2= tgx, 2pdp = dx/coszx

Hence
m/2
v = P > J dx = L >
4nkl o 8 Kl
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Appendix 3
The supplementary solutions of the
homogeneous equation
2.2 Kwv _
VVw+—D——O
In the more simple cases of a

two-dimensionnal beam and a circular slab
the supplementary solutions required to
express a finite boundary are, as shown by
Van Cauwelaert [4], the real and imaginary
parts of the complex conjugate functions
cos(xvV*i), for the beam, and Jo(rv&i), for

the circular slab. These functions can be

expressed as infinite series of the
variates x or r.
The obtained analytical results were

checked by Buyse and Jacques [5] using a
finite element program.
However in the case of a rectangular slab,

where the solutions depend on both
variables x and y, one must search for
functions able to express a finite
boundary, let us say for x = c, whatever

the value of y. Thus series, where x and
y are necessarily related, cannot be used.
Therefore we look for a solution by the
method of separation of the variables,

v =f(x).g(y), with

g(y) = I cos(sy/1)sin(sb/1)ds
o]

The homogeneous equation

I

transforms into

—_— e —
2 2

[ 82 a®
oy

2 2
3w °w ] .

> +
ax’ ax

=
14

2 f(x/1)
ax

4
[6f(x/l) - s

ax*

O — 8

+ (s*+ 1)f(x/1)1cos(sy/l )sin(sb/1) ds = 0O

and reduces in a differential equation of
x only
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4 2
§_£L§££l - gszé_iigéll + (s*+ 1)f(x/1) = 0
ax ox

Writing the characteristic equation

4 4

p* - 25°p® + (s* + 1) =0
one obtains
D1,2 =% (a + iB) D3,4 =% (a - iB)

where a and B are given by (14).
Hence, using the complex relations
developped in appendix 1

ax/1

f(x/1) = e [Acos(Bx/1) + Bsin(Bx/1] +

e-ax/l

+ [ccos(Bx/1) + Dsin(Bx/1]

Those solutions will be used for values of
x between 0 and d, the abciss of the
boundary. Therefore we consider only the
positive exponents. Then the complete
supplementary solutions become

ax/1

0
wA=IA(s)e cos(Bx/1)cos(ys/1)sin(bs/1)ds
0

ax/1

VB=JB(s)e sin(Bx/1 )cos(ys/1)sin(bs/1 )ds
[o]

which we write, for reasons of homogeneity
with the solution for the infinite slab,
as follows

= _P_
Lo n K

acs)e**/1

O “—x8

x cos(Bx/1)cos(ys/1)sin(bs/1)ds

_ p ax/1
v _= E_EJ B(s)e x
o

B

x sin(Bx/1)cos(ys/1)sin(bs/1)ds

wherein A(s) and B(s) are functions of s.
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Appendix 4

Determination of the derivatives

4.1. Derivatives for the main solution

For O = x = a

-]

EZ& _ _ _b_ j cos(sy/1)sin(sb/1) e-a(a-x)/l .
dx nkl 5 s (s4 + 1)

x [(a—Bsz)cosziéﬁ - (asz+3)sin£f33] - eTx(atx)/1

x [(a Bs®)cos¥13g + (as +/3)sm’ﬁ(3] } ds (4.1)
d*w *

i __p I cos(sy/1)sin(sb/1) e-a(a—x)/l sinE:QB _

1
dx? nk1? o s
- e (atx)/1 sin£§38 } ds (4.2)

d3w ®

i _ P J cos(sy/1)sin(sb/1) e—a(a—x)/l[ wsinX>3g +
dx? nk1® 5 s 1

+ Bcosfiis] + e'a(a+x)/l[a51n B - BcosEiEB]} (4.3)
dzw “ [
Iscos(sy/l)szn(sb/l) _ e-(ax)/1 [cosE:EB _
dy2 nkl 5 (s* +1) 1
- szsinE%EB] - e¥(atx)/1 [cos g + s 51n——~B] } ds (4.4)
d3w “ [
p Iscos(sy/l)31n(sb/1) -a(a—x)/l N

dxdy nk13 o s4 + 1)

x [(a—Bsz)cosz%EB - (asZ+B)sin£%EB] - e"x(atx)/1

x [(a—Bsz)cosf%EB + (asZ+B)sin£§EB] } ds (4.5)

For x > a

EZL _ _ b I cos(sy/1)sin(sb/1) { e-a(x—a)/l N
1

dx s (s4 + 1)

0

x [(a-BsZ)COSE%EB + (as2+ﬁ)sin£%53] - e-a(a+x)/1 x

x [(a gs? )cos—B + (as +3)sm’-‘i-"’13] } ds (4.6)
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d LA _ _Pp I cos(sy/1)sin(sb/1) e-a(x-a)/l sinE%EB _
dx®  mk1® s

- e ¥(@tx)/1 sing%éﬁ } ds (4.7)
a? v, ®

- J cos(sy/1)51n(sb/l) { e—a(x—a)/l[Bcos{%gB _
0

- asinfiéﬁ] + e'“(a+x)/1[as1n Xtag _ Bcosfiiﬁ]} (4.8)
d? v, D Jscos(sy/l)sin(sb/l) e-%(x-a)/1 [cosziéﬁ .
dy T 5 (s* + 1)
. szsinfii ] _ e(atx)/1 [cosX+aB + s SIDZiEB] } ds (4.9)
d3 ©

vy - Jscos(sy/l)szn(sb/l)[ -a(x-a)/l1 N

dxdy2 nkl s4 + 1)

[o]
e-a(a+x)/l N

x [(d-BSZ)COSE%EB + (asz+ﬁ)sin£%EB] -
x [(a gs? )cos———B + (as +B)31n£iéﬁ] } ds (4.10)

. Derivatives for the supplementary solutions

dw «
4. P J A(s) eI acos(px/1) - Bsin(Bx/1)] x
dx nkl 5
x cos(sy/l)sin(sb/1) ds (4.11)
d’w ®
- B J A(s) e**/1[s?cos(px/1) - sin(Bx/1)] «
dx nk1®
x cos(sy/1)sin(sb/1) ds (4.12)
d’w
2 = axX/1r qigs?)sin(pxs1) -
dx nkl
- (as -B)cos(Bx/l)] cos(sy/1)sin(sb/1) ds (4.13)
d®w “
5 P > J s? A(s) eax/l cos(Bx/1)cos(sy/1)sin(sb/1)ds
dy o

(4.14)
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3 ©

dw

‘2 =- P 3 J s® aA(s) eax/l[acos(ﬁx/l) - Bsin(Bx/1)] «x
dxdy’ nkl 5
x cos(sy/1)sin(sb/1) ds (4.15)
dw. “
—5-_P f B(s) eax/l[asin(ﬁx/l) + Bcos(Bx/1)] x
dx nkl o
x cos(sy/1)sin(sb/1) ds (4.16)
d°w °
2 _ 2 J B(s) e**/1[s?sin(gx/1) + cos(Bx/1)] «
dx nkl o
x cos(sy/1)sin(sb/1) ds (4.17)
d’w *
33 =P - J B(s) eax/l[(a+352)cos(3x/1) +
dx mkl o
+ (asz—B)sin(Bx/l)] cos(sy/1l)sin(sb/1) ds (4.18)
d®w ®
2= - P . I s? B(s) e**/1 sin(gx/1)cos(sy/1)sin(sb/1)ds
dy nkl 5
(4.19)
d’w “
32 =- P 5 J s? B(s) eax/l[asin(ﬁx/l) + Bcos(Bx/1)] x
dxdy nkl o
x cos(sy/1)sin(sb/1) ds (4.20)

A
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Appendix 5

Determination of the functions A(s) and B(s)

Consider the slab represented at figure 2. The boundary conditions are
expressed for x = d; the axis coordinates of the load are (c,0).

2 -]
d v, _.p I cos(sy/1)sin(sb/1) —a(d c- a)/l d—c-al3 _
dx? nkl1? 5 s 1
_a(d-c+a)/1 d §+aﬁ } ds
d’w *
31 _ I cos(sy/l)51n(sb/1) e-a(d—c—a)/l[Bcos _
dx nkl 5
- asin®= f aB] + e'a(d_c+a)/l[asing:%igﬁ - Bcosg:§iéﬁ]} ds
dzv ®
Jscos(sy/1)51n(sb/l)f -a(d-c-a)/1 [cosd—c-aB +
cly2 nk1® - (s* + 1) 1
+ s2sindZ f aB] - e"%(d-cra)/l [cosg:%IEB + szsing:§iéﬁ] } ds
d’w “
it _ _Dp Jscos(sy/l)s1n(sb/l)[ -a(d-c-a)/1 N
dxdy® mkl® 5 (s* + 1)
x [(a—Bs )cosd “838 + (as +B)31ng—%:38] - e"¥(d-cta)/1 |
x [(a-Bsa)cosd T B + (as +B)sing:§iéﬁ] } ds
d*w
2‘ = ad/l[szcos(ﬁd/l) - sin(Bd/1)]
dx nkl®
x cos(sy/1)51n(sb/1) ds
d’w, T ad/1 2
=--B_ J' A(s) e [(a+Bs?)sin(Bd/1) +
dx K1 o
+ (asz-B)cos(Bd/l)] cos(sy/1)sin(sb/1) ds
d2 o
Yy 2 ad/1
> = - P > I s” A(s) e cos(Bd/1)cos(sy/1)sin(sb/1)ds
dy nkl
d3wA T 2 d/1
= - B[ 5* acs) e*¥?[acos(pd/1) - gsin(Bd/1)]
dxdy’ nkl

0
x cos(sy/1)sin(sb/1) ds
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(=]
R f B(s) e/ 1[s2sin(gd/1) + cos(Bd/1)] «
nkl
(o]

x

cos(sy/1)sin(sb/1) ds

3 ©

P_ | B(s) e
nkl® {

ad/1

[(a+Bsz)cos(Bd/1) +

+ (asz—B)sin(Bd/l)] cos(sy/1)sin(sb/1) ds

d®w ®

2B = - _B_E J s? B(s) eom/l sin(Bd/1 )cos(sy/1)sin(sb/1)ds
dy nkl o
d’w *

B- - B_ 5% B(s) e 1[usin(Bd/1) + Bsin(Bd/1)] «
dxdy nkl

o
x cos(sy/1)sin(sb/1) ds

The boundary conditions must be verified for any value of y.

Hence (25) is verified if

% [e“(d—c+a)a/lsing:%igﬁ _ e'(d—c-a)a/lsind—f-aﬁ]

+

fu e'(d-c-a)a/l[cosd_i_aﬁ . szsind—i—aﬁ] _
(s  + 1)

_ e-(d-c+a)a/l[cosd—§+a6 . sasind_f+aﬁ]}

ad/1 ad/1

uszA(s)e

cos(Bd/1) + B(s)e [s®sin(Bd/1) + cos(Bd/1)]

uszB(s)ead/l

sin(pd/1) = 0

Relation (27) is verified if

(1—7){% e'(d_c—a)a/l[ﬁcosg:%:éﬁ - asind_f_aﬁ] -

_ % e-(d—c+a)a/l[ﬁcosd-§+a3 _ asind-f+as] + s(f - M)
(s + 1)

x[e'(d_c_a)a/l[(a—Bsz)cosd-f_aB + (asz+B)sing:§:EB]

d-c+a

- e'(d—c+a)a/1[(a—Bsz)cos——T——B + (asz+B)sing:§iEB]} -

ad/1

- A(s) e [(a+Bsz)sin(Bd/l) + (asz—B)cos(Bd/l)] -

ad/1

- (2 - u)sta(s) e [xcos(Bd/1) - Bsin(Bd/1)] +
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+ B(s) e“d/l[

(a+Bs?)cos(Bd/1) + (as®-B)sin(pd/1)] -

- (2 - u)s®B(s) "1 usin(pds1) + Bsin(pd/1)] = o

The system is reduced to

ad/1

A(s)e [ s®(1-u)cos(pd/1) - sin(Bd/1) ] +

ad/1

+ B(s)e [ s®(1-u)sin(pd/1) + cos(Bd/1) ] = F,

- A(s)e“d/l[[(l-u)as2+ B]cos(Bd/1)-[(1-1)Bs®~ «]sin(Rd/1)
- B(s)ead/l[[(l-u)ﬁsz— a]cos(Bd/l)+[(1—u)as2+ B]sin(pd/1)

where

ny
|
tl

[e'(d-c+a)a/lsind-f+aﬁ a e_(d-c—a)a/lsind_f_aﬁ]

+ ——éﬂ———— e'(d-c_a)a/l[cosg:§133 + szsind_f_aﬁ] -
(s + 1)

- e'(d_c+a)a/1[cosg:§iéﬁ + szsing:%iéﬁ]}

&
[}
[

(1—1){é e'(d—c_a)a/l[Bcosg:%:EB - asind_f_aB] -

0l

e-(d—c+a)a/l[Bcosd—f+aB _ asind—§+a3] + s(f il 9
(s + 1)

x[e'(d_c-a)a/l[(a-Bsz)cosd_g—aB + (asz+ﬁ)sind_§_aﬁ] -

- e'(d_c+a)a/1[(a-Bsz)cosd—f+aB + (asZ+B)sing:§iEB]J

The resolution is given by

} [Fgcos(Bd/l) + Fdsin(Bd/l)]

a(s)e®d/1
A
B(s)e“d/l _ Dﬁcos(Bd/l) - F}sin(ﬁd/l)]
A
A = 2as®(1-p) + B[1 - (1-u)°s*
F, = [Fl[(l-u)Bsz- a] + FJ

F
4

[F,[(-w)as® + 6] + Fy(2-u)s7]
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